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A multi-scale perturbative approach to SU(2)-Higgs classical dynamics:
stability of nonlinear plane waves and bounds of the Higgs field mass
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We study the classical dynamics of SU(2)-Higgs field theory using multiple scale perturbation
theory. In the spontaneously broken phase, assuming small perturbations of the Higgs field around
its vacuum expectation value, we derive a nonlinear Schro¨dinger equation and study the stability of
its nonlinear plane wave solutions. The latter, turn out to be stable only if the Higgs amplitude is an
order of magnitude smaller than that of the gauge field. In this case, the Higgs field mass possesses
some bounds which may be relevant to the search for the Higgs particle at ongoing experiments.
PACS numbers: 11.15.Kc,11.10.Lm,14.80.Bn
Introduction. One of the main goals of the current
collider experiments (Large Hadron Collider (LHC) at
CERN, Tevatron at Fermilab) is the detection of the
Higgs particle [1], the missing piece in the experimental
verification of the Standard Model [2]. Existing bounds
on the properties of the Higgs particle originate exclu-
sively from quantum corrections of the Standard Model
or its extensions (see Ref. [3] and references therein).
This implies a different treatment of the Higgs field as
compared to the electroweak gauge fields since, for the
latter, a rough estimation of their properties is obtained
already at the classical (Born) level. The reason for this
discrimination is the fact that the weak boson mass is de-
termined only from the vacuum expectation value (vev)
of the Higgs field, while the Higgs mass depends explicitly
also on the unknown coupling constant determining its
self-interaction. In fact, the self-interaction corresponds
to the presence of nonlinear terms in the Higgs poten-
tial. Usually, the nonlinear terms in the SU(2)-Higgs
Lagrangian are treated as perturbation of an underly-
ing linear theory allowing, this way, the straightforward
canonical quantization of the electroweak theory. From
the classical point of view, however, this treatment is in-
sufficient. The reason is that such a perturbation scheme
usually develops instabilities due to the emergence of sec-
ular terms at higher orders (see, e.g., Ref. [4]).
In the present work we study the stability of plane
waves in the presence of the nonlinear terms in the
SU(2)-Higgs model – a problem that, to the best of our
knowledge, has not been addressed so far in the litera-
ture. There is strong motivation in performing such a
study. Generally, classical solutions may describe suffi-
ciently the effective dynamics of nonlinear quantum fields
since, in this case, energy can be transferred from high
frequency modes to long-wavelength excitations. In par-
ticular, they are important for the description of con-
densates, as indicated by an analogous treatment for the
dynamics of the QCD chiral condensate in terms of clas-
sical pion fields [5]. Finally, stability is a prerequisite for
using classical solutions as a basis for the quantization of
a classical field theory.
In our approach the classical equations of the SU(2)-
Higgs model are solved approximately, using multiple
scale perturbation theory [4] to handle the nonlinear
terms. This technique employs slow temporal and spatial
scales to reduce the original nonlinear system to a simpler
one, thus allowing the understanding of gross features of
the original problem and enabling the consistent treat-
ment of the secular terms. We note in passing that such
perturbative methods are commonly used in a variety of
physical contexts, ranging from water waves to nonlinear
optics, condensed-matter physics, etc. In our case, as-
suming small perturbations of the Higgs field around its
vev, we derive a set of coupled nonlinear equations for
the evolution of the Higgs and the gauge boson fields. If
the Higgs field amplitude is much smaller compared to
the gauge boson field, these equations decouple and obey
a nonlinear Schro¨dinger (NLS) equation. The latter, pos-
sesses nonlinear plane wave (among other, soliton-type)
solutions, which have been already discussed in litera-
ture [6, 7]. Here, we will focus on the stability properties
of these solutions and show that the stability condition
for the nonlinear plane waves leads to restrictions in the
values of the ratio of the Higgs to the gauge boson field
mass.
Formulation and Setup. In our treatment we neglect
the mixing with the electromagnetic U(1) gauge field
since it does not couple directly to the Higgs field. As
a consequence, the mass of the three components of the
SU(2) field is taken to be the same. We also do not con-
sider here the fermionic sector. The SU(2)-Higgs field
dynamics is described by the Lagrangian:
L = −1
4
F aµνF
a,µν + (Dµφ)
†(Dµφ)− V (Φ†Φ), (1)
where F aµν is the SU(2) field strength tensor, Dµ = ∂µ +
igAaµ
σa
2
is the associated covariant derivative, σa are the
Pauli matrices, V (Φ†Φ) = µ2Φ†Φ + λ(Φ†Φ)2 (λ > 0) is
the Higgs self-interaction potential and summation over
repeated indices is implied. In the broken phase, µ2 <
0, a vev v/
√
2 of the Higgs field arises classically with
v2 = −µ2/λ. We focus on the dynamics of this system
2assuming that the Higgs field fluctuates slightly around
its vev. In this case, we perform the standard gauge
selection and we expand Φ as: Φ =
(
0, 1√
2
(v +H)
)T
obtaining the following equations of motion for the fields
Aaµ and H :
(+
g2v2
4
)Aaµ − ∂µ(∂νAa,ν) +
vg2
2
HAaµ +
g2
4
H2Aaµ
+gǫabc[(∂µA
c,ν)Abν − (∂νAb,ν)Acµ − 2Abν∂νAcµ]
−g2[AaµAbνAb,ν −AbµAaνAb,ν ] = 0, (2)
(+ 2λv2)H + 3λvH2 + λH3
− g
2
4
AaµA
a,µ(v +H) = 0. (3)
The above equations, due to the presence of a small fluc-
tuating field H , suggest the use of a perturbation method
with a small parameter ǫ related to the ratio of the ampli-
tude of the Higgs field to its vev. Here, we will employ the
method of multiple scales [4], thus expanding the fields,
variables and operators in Eqs. (2)-(3) in powers of ǫ as
follows:
Aaµ = A
a
µ(0) + ǫA
a
µ(1) + ǫ
2Aaµ(2) + . . .
H = H(0) + ǫH(1) + ǫ2H(2) + . . .
∂
∂xµ
=
∞∑
i=0
ǫi
∂
∂xµi
; xµi = ǫ
ixµ, (4)
where j = 0, 1, . . . in Aaµ(j) and H(j) denotes the or-
der of approximation. Within this perturbative scheme,
Eq. (3) implies – for reasons of self-consistency and sta-
bility – that the fields Aaµ and H should be expanded
around the stable minimum, Aaµ(0) = H(0) = 0, of
Eqs. (2)-(3). Generally, the dynamics of the gauge fields,
without Higgs, are chaotic [8, 9]. However, there exist
configurations which admit regular solutions. For exam-
ple, such a typical configuration is obtained through the
color isotropic “hedgehog” ansatz Aa0 = 0 and A
a
i = δ
a
i A
[7, 10, 11]. In particular, such an ansatz allows the map-
ping of the gauge field theory to the scalar φ4 theory
[11]. Here we will use a less restrictive representation
of the gauge field, assuming that the non-diagonal terms
are of higher-order than the diagonal terms. Further-
more, for consistency reasons implied by the structure of
the equations of motion, we have to choose the temporal
components of the gauge fields Aa0 to be an order of mag-
nitude larger than the other non-diagonal terms. Thus,
the gauge fields can be expressed as follows:
A11, A
2
2, A
3
3 = A = O(ǫ), A
1
0, A
2
0, A
3
0 = O(ǫ
2)
A12, A
1
3, A
2
1, A
2
3, A
3
1, A
3
2 = O(ǫ
ν), ν ≥ 3. (5)
The above ansatz, combined with a suitable choice for
the Higgs field (which will be discussed below), leads to
the decoupling of the equations of motion up to the order
O(ǫ3).
In addition, the Lorentz condition ∂µA
a,µ = 0 is ful-
filled up to the same order, O(ǫ3). For the Higgs field
we will consider two scenarios. The straightforward case
H(1) 6= 0 leads to a set of coupled nonlinear partial differ-
ential equations (PDEs) of the NLS form for which, how-
ever, the nonlinear plane wave solutions are unstable for
all the values of the relevant parameters. The details of
this analysis are shown in the Appendix. In the following,
we will focus on the scenario where H(1) = 0, H(2) 6= 0:
in this case, we show that nonlinear plane waves, both
for the gauge and the Higgs field, are stable if the mass
parameter of the Higgs field is suitably bounded.
The NLS equation for the SU(2) gauge boson. Using
the assumptions (5) the evolution equations (2,3) for the
gauge and Higgs fields, containing all contributions up to
O(ǫ3), are simplified as follows:
( +m2A)A+
vg2
2
HA+ 2g2A3 = O(ǫ4), (6)
(+m2H)H +
3
4
vg2A2 = O(ǫ4), (7)
where
m2A =
g2v2
4
, m2H = 2λv
2.
Notice that we obtain a single equation for the gauge
fields due to the choice (5) as well as the equality of
the Aii components. Equation (6) leads, to O(ǫ), to the
following solution for the gauge field A:
A(1) = fe−imAt + c.c., (8)
where “c.c.” denotes complex conjugate and the function
f = f(~x1, t2, ...) is obtained from the secular terms of
Eq. (6) at O(ǫ2). At the same order, Eq. (7) determines
the Higgs field:
H(1) = B
[
b|f |2 + f2e−2imAt + (f∗)2e2imAt] , (9)
where b = 2(m2H − 4m2A)/m2H and B = −6m2A/bvm2H .
The function f is determined from Eq. (6) at the order
O(ǫ3), which leads to the following NLS equation:
i
∂f
∂t2
+
1
2mA
∇21f + s|f |2f = 0, (10)
with s = −2g2(3 + α)/(2mA). The parameter α =
(1/4)vB(b + 1), which depends only on the ratio q =
mH/mA, is given by:
α(q) = −3
4
(
2
q2
+
1
q2 − 4
)
. (11)
The solutions of the NLS Eq. (10), as well as their sta-
bility, can now be used to investigate, at the classical
level, the effect of nonlinearity on the properties of the
Higgs particle. In that regard, first we note that the
properties of the solutions of the NLS model depend on
the relative sign of the coefficients of the kinetic and
nonlinear terms in Eq. (10). In the case s < 0, plane
3wave solutions of the NLS Eq. (10) are stable (see be-
low). Furthermore, stable localized nonlinear excitations
on top of these plane waves are possible too: these in-
clude dark solitons (i.e., density dips with a phase jump
across their density minima) in one-dimension (1D) [12],
vortices in two-dimensions (2D) [13] and vortex rings in
three-dimensions (3D) [14]. On the other hand, if s > 0,
the plane wave solutions of the NLS Eq. (10) are un-
stable, while stable localized solutions exist only in 1D:
these solutions are non-topological solitons (also known
as “bright solitons”) in the form of localized humps with
vanishing conditions at infinity. Nevertheless, in higher-
dimensions, all localized structures are subject to collapse
– see, e.g., [15]. From the above comments it turns out
that, within this setup, there are no stable and localized
classical solutions in 3D which can be interpreted – in an
obvious way – as the elementary Higgs particle.
In the following, we focus on the plane wave solutions
of Eq. (10) and their stability. As stated above, these
solutions are particularly important for the effective de-
scription of the spontaneously broken vacuum and exci-
tations on top of it, or in their use as a basis for the
quantization of the theory.
Stability constraints and the Higgs mass.
The NLS Eq. (10) possesses exact analytical plane
wave solutions of the form:
f(~x1, t2) = f0 exp[−i(ωt2 − ~k · ~x1)], (12)
where f0 is the amplitude of the plane wave for the gauge
field, while its frequency ω and the wave vector ~k satisfy
the following dispersion relation:
ω(k) =
~k2
2mA
− s|f0|2. (13)
The solutions (12) resemble the plane wave solutions usu-
ally employed for the quantization of the SU(2)-Higgs
theory, but they feature a modified dispersion relation, cf.
Eq. (13), involving an amplitude-dependent mass correc-
tion. This correction originates from the self-interaction,
as well as the interaction between the gauge and the
Higgs fields, and has, in principle, a similar effect as the
quantum self-energy correction. Similar solutions have
been found in Ref. [7] for the pure SU(2) model in the
vanishing “Poynting” vector frame of reference.
The stability of the nonlinear plane waves (12) can
be studied by considering small-amplitude perturbations
which, for a static background (k = 0), assume the form:
δf = (u+ iv) exp[−i((Ω + ω)t2 − ~Q~x1)] (14)
In Eq. (14), u and v denote the (real) amplitudes, while
Ω, ~Q the frequency and wave vector of the perturbation,
respectively [17]; then, it is straightforward to find from
Eq. (10) that Ω and ~Q satisfy the dispersion relation:
Ω2 =
| ~Q|2
2mA
(
−2s|f0|2 + |
~Q|2
2mA
)
. (15)
Hence, the solution (12) is stable, i.e., Ω is real for all
| ~Q|, only if s < 0, i.e., if the parameter α obeys:
3 + α(q) > 0. (16)
The above inequality determines the permitted regions
for the ratio q – thus restricting mH for given mA – so
that plane waves of the gauge field are stable. Thus,
although the Born approximation of the usual perturba-
tion theory (which neglects all nonlinear terms for small
coupling) does not imply any information concerning the
properties of the Higgs field, in the framework of multi-
scale analysis we obtain restrictions for the Higgs mass
originating from stability conditions.
Interestingly enough, we will now show that these re-
strictions do not exclude the region, which turns out to
be the most probable for the Higgs mass based on the
recent experimental observations. Particularly, utilizing
the Standard Model value: mA = 80 GeV we find that
mH fulfils the condition:
56 GeV < mH < 160 GeV or mH > 165 GeV. (17)
The region of very low Higgs masses (mH < 114.5 GeV)
is practically excluded from existing experimental data
(LEP II [18]). In addition, the zone mH ∈ [158, 173] GeV
has been excluded from the Tevatron analysis [19]. Lat-
est results from ATLAS and CMS experiments at LHC-
CERN [20], when combined, practically exclude the re-
gion [145, 466] GeV. Thus, the most probable scenario
for a light Higgs field, compatible with existing exper-
imental data and the above analysis, is 114.5 GeV <
mH < 145 GeV. According to the Standard Model, in
this range of the Higgs mass parameter, the decay of
Higgs into a pair of opposite charged gauge bosons starts
to increase rapidly [16], dominating for mH > 140 GeV
over the other channels. This partly justifies the use of
the simplified model considered here, which takes into
account the interaction of the Higgs field with the gauge
bosons while neglecting all fermion couplings.
Concluding remarks. We have employed a multiple
scale perturbative scheme to analyze the classical SU(2)-
Higgs dynamics, taking into account the nonlinear terms
in the corresponding equations of motion. This approach
enables a consistent treatment of the secular terms occur-
ring at higher orders of the classical perturbation theory.
Using a suitable representation for the gauge field, the
equations of motion of the complete SU(2)-Higgs model
simplify significantly and are reduced, depending on the
magnitude of the Higgs field amplitude, either to a sin-
gle NLS equation (weak Higgs field, ∝ ǫA) or to a set
of two coupled NLS equations (strong Higgs field, ∝ A
– see Appendix). These equations admit nonlinear plane
wave solutions, with an amplitude-dependent dispersion
relation, in contrast to the ones usually used for the quan-
tization of the model. The relevance of nonlinear wave
solutions for the field quantization has been recently dis-
cussed in Ref. [21]. These plane wave solutions are stable
for a range of Higgs mass values and only in the case of a
4weak Higgs field. On the other hand, for a strong Higgs
field the nonlinear plane waves are unstable for all pa-
rameter values. Thus, the classical stability analysis of
the nonlinear solutions of the reduced SU(2)-Higgs evo-
lution equations provides bounds in the characteristics
(amplitude, mass) of the Higgs field, which could be of
relevance for the running experimental studies. Finally,
one should notice that the dynamics of the coupled NLS
equations occurring in the case of a strong Higgs field
(see Appendix) require a more extensive analysis in or-
der to explore also other solutions which could be relevant
for the dynamical description of the SU(2)-Higgs model.
This is an interesting direction for future studies.
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Appendix A: The case of strong Higgs field
amplitude
Here we study the case where the expansion of the
Higgs field in powers of ǫ starts from the first order, i.e.,
the case when the ratio of the Higgs to the gauge bo-
son field amplitude is larger. This way, we consider the
following asymptotic expansion of H :
H = ǫH(1) + ǫ2H(2) + . . . , (A1)
and keep all other expressions in Eq. (5) the same as in
the preceding analysis. Then Eqs. (6)-(7) for the gauge
and Higgs fields are modified and their form, containing
all contributions up to O(ǫ3), is:
(+m2A)A+
g2v
2
HA+
g2
4
H2A+2g2A3 = O(ǫ4), (A2)
( +m2H)H + λH
2(H + 3v) +
3g2A2
4
(v +H) = O(ǫ4).
(A3)
The perturbative treatment of Eqs. (A2) and (A3) at
each order of ǫ leads to the the following form for the
fields A(1) and H(1):
A(1) = f(~x1, t2, . . .)e
−imAt + c.c.,
H(1) = h(~x1, t2, . . .)e
−imH t + c.c.. (A4)
The functions f and h satisfy two coupled NLS equations
of the following form:
i∂t2f +
1
2mA
∇21f − [g11|f |2 + g12|h|2]f = 0,
i∂t2h+
1
2mH
∇21h− [g21|f |2 + g22|h|2]h = 0, (A5)
where the coefficients gij (i, j ∈ {1, 2}) are given by
g11 =
g2
mA
(3 + α(q)), g12 =
g2
4mA
θ(q),
g21 =
3g2
4mH
θ(q), g22 = − 3g
2
4mH
q2, (A6)
the parameter α(q) is given by Eq. (11), and θ(q) = −3+
q2/(q2 − 4).
The system of equations (A5) admits plane wave solu-
tions of the form:
f(~x1, t2) = f0 exp[−i(ωf t2 − ~kf~x1)],
h(~x1, t2) = h0 exp[−i(ωht2 − ~kh~x1)], (A7)
where the frequencies ωf , ωh satisfy the following disper-
sion relations:
ωf =
~k2f
2mA
+ g11|f0|2 + g12|h0|2,
ωh =
~k2h
2mH
+ g21|f0|2 + g22|h0|2. (A8)
In order to investigate the stability of the solutions (A7)
on top of a static background, i.e., kf = kh = 0, we
introduce small perturbations of the form:
δf = (u1 + iv1) exp[−i((Ω + ωf )t2 − ~Q~x1)],
δh = (u2 + iv2) exp[−i((Ω + ωh)t2 − ~Q~x1)], (A9)
where the perturbation amplitudes ui, vi (i = 1, 2) are
assumed to be real, while Ω, ~Q denote the energy and the
momentum of the perturbations, respectively. Applying
again the method used above for the weaker Higgs field,
we require that the small variations (A9) do not diverge
with time. This is satisfied if the roots of the bi-quadratic
equation:
Ω4 − bΩ2 + c = 0, (A10)
are real. The coefficients b and c read:
b = pHbH + pAbA,
c = pHpAbHbA − 4pHpA|f0|2|h0|2g12g21, (A11)
where pH = ~Q
2/2mH , pA = ~Q
2/2mA, bH = pH +
2g22|h0|2, and bA = pA + 2g11|f0|2. Real roots of (A10)
imply b > 0 and c > 0, leading to the following stability
conditions:
g11g22 − g12g21 > 0, g22 > 0, g11 > 0. (A12)
For the coefficients gij [cf. Eq.(A6)] there are no values
of q satisfying the first two inequalities. Thus, according
to this analysis, for a stronger Higgs field, plane wave
solutions are unstable.
[1] P. W. Higgs, Phys. Lett. 12, 132 (1964); Phys. Rev. Lett.
13, 508 (1964); Phys. Rev. 145, 1156 (1966); F. Englert
and R. Brout, Phys. Rev. Lett. 13, 321 (1964); G. Gu-
5ralnik, C. Hagen, and T. Kibble, Phys. Rev. Lett. 13,
585 (1964); LHC Higgs Cross Section Working Group, S.
Dittmaier et al., http://arxiv.org/abs/1101.0593.
[2] A. Djouadi, Phys. Rep. 457, 1 (2008); Phys. Rep. 459,
1 (2008).
[3] T. Schu¨cker, arXiv:hep-ph/0708.3344.
[4] A. Jeffrey and T. Kawahara, Asymptotic methods in non-
linear wave theory (Pitman, London, 1982).
[5] A. A. Anselm and M. G. Ryskin, Phys. Lett. B 266, 482
(1991).
[6] S. Coleman, Phys. Lett. B 70, 59 (1977); C. H. Oh and
R. Teh, Phys. Lett. B 87, 83 (1979).
[7] G. Z. Baseyan, S. G. Matinyan and G. K. Savvidy, Pis’ma
Zh. Eksp. Teor. Fiz. 29, 641 (1979).
[8] S. G. Matinyan, G. K. Savvidy and N. G. Ter-
Arutyunyan-Savvidy, Sov. Phys. JETP 53, 421 (1981); S.
G. Matinyan, G. K. Savvidy and N. G. Ter-Arutyunyan-
Savvidy, Sov. Phys. JETP Lett. 34, 590 (1981).
[9] M. Wellner, Phys. Rev. Lett. 68, 1811 (1992); Phys. Rev.
E 50, 780 (1994).
[10] A. Smilga, Lectures on Quantum Chromodynamics
(World Scientific, Singapore, 2001).
[11] M. Frasca, Phys. Rev. D 73, 027701 (2006); M. Frasca,
Phys. Lett. B 670, 73 (2008); M. Frasca, Mod. Phys.
Lett. A 24, 2425 (2009).
[12] D. J. Frantzeskakis, J. Phys. A: Math. Theor. 43, 213001
(2010).
[13] L. M. Pismen, Vortices in Nonlinear fields (Clarendon,
Oxford, 1999).
[14] C. A. Jones and P. H. Roberts, J. Phys. A: Math. Gen.
15, 2599 (1982).
[15] C. Sulem and P. L. Sulem, The Nonlinear Schro¨dinger
equation (Springer-Verlag, NY, 1999).
[16] A. Djouadi, J. Kalinowski and M. Spira, Comp. Phys.
Commun. 108, 56 (1998).
[17] The destabilization of plane waves under small-amplitude
long-wavelength perturbations is known as “modula-
tional instability” or Benjamin-Feir instability [T. B.
Benjamin and J. E. Feir, J. Fluid Mech. 27, 417 (1967)],
and occurs in various contexts, including fluid mechanics
[G. B. Witham, J. Fluid Meh. 22, 273 (1965), dielectrics
[L. A. Ostrovsky, Sov. Phys. JETP 24, 797 (1967)], plas-
mas [A. Hasegawa, Phys. Fluids 15, 870 (1972)], etc.
[18] The LEP Electroweak Working Group,
http://lepewwg.web.cern.ch/LEPEWWG/;
[19] The Tevatron Electroweak Working Group,
http://tevewwg.fnal.gov/; The CMS Collaboration,
http://arxiv.org/abs/1102.5429.
[20] ATLAS-CONF-2011-135; CMS PAS HIG-11-022.
[21] F. J. Himpsel, arXiv:hep-th/1108.1736.
